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A linearized set of equations of relative motion about a J,-perturbed elliptical reference orbit is developed. This
model uses analytical relations that are well suited for onboard applications. The inclusion of the J, perturbation in a
simple analytical model can lead to formation flying guidance and control algorithms that make use of the natural J,-
induced relative motion to perform maneuvers instead of constantly compensating for this perturbation. The model
uses the linearized differential drift rate of mean orbit elements to predict the impact of the J, perturbation on
relative osculating spacecraft motion. It analytically provides the relative motion in Hill coordinates at any given true
anomaly using only the initial osculating relative orbit elements and the initial orbit elements of the reference
trajectory. A linear time-varying state-space form of the model is also presented. Simulation results show that
relative motion prediction remains accurate over several orbits.

I. Introduction

ORMATION flying of spacecraft has been identified as a key

technology for the 21st century. There is a trend toward
replacing large expensive spacecraft with a group of smaller and
cheaper spacecraft. Two of the main advantages of formation flying
are reconfigurability and an increased robustness to system failures.
The main drawback of formation flying spacecraft is an increased
complexity of the complete system of spacecraft. This is particularly
true for the guidance, navigation, and control system, for which the
complexity grows rapidly with the number of spacecraft in the
formation.

There is, however, at the same time, an increasing need for
autonomy to decrease the cost of ground support. Ground support
operations are a nonnegligible part of the cost of a mission, especially
for small and low-cost scientific exploration missions. Therefore, the
guidance and control system needs to perform autonomous decisions
and tradeoffs in real time to decrease the tasks that need to be
performed by the ground segment and make formation flying
affordable. Moreover, to increase the robustness to single spacecraft
failure, the guidance and control of the formation needs to be
decentralized. This is especially challenging when the number of
spacecraft in the formation becomes large.

Such guidance and control systems require accurate but simple
models of reality in their algorithms. Models have to be accurate
enough to prevent unnecessary fuel expenditure and simple enough
to allow onboard implementation. If perturbation models are
included in the onboard model of reality, natural motion induced by
the perturbations can be used to support maneuvers. If these
perturbations are not included, the guidance and control system will
most likely compensate for these perturbations, therefore leading to
an unnecessary fuel expenditure.

The most widely used relative orbital motion model is the
Clohessy—Wiltshire—Hill model [1,2]. This model provides a time-
explicit closed-form analytical solution to relative motion problem
for circular unperturbed orbits. Lovell and Tragesser [3]
reparametrized this model and demonstrated that the in-plane and
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out-of-plane nondrifting relative motion about a circular unperturbed
orbit always follows an ellipse centered on the reference orbit, hence
the name “football orbit.”

However, assuming a circular reference orbit yields considerable
errors when the eccentricity of the reference orbit grows [4]. Several
models have therefore been proposed to model relative motion about
unperturbed elliptical orbits [4-7]. In a recent publication, Lane and
Axelrad [8] developed a time-explicit closed-form solution and
studied the relative motion for bounded relative elliptical orbits.
Melton [9] also proposed an alternative solution for small-
eccentricity orbits.

Some models also take into account orbit perturbations. The most
important perturbation encountered for the relative motion problem,
and also the most studied, is the perturbation caused by the oblateness
of the Earth, referred to as the J, perturbation. Schweighart and
Sedwick [10,11] modified the classic Clohessy—Wiltshire—Hill
model to include the orbit-averaged impact of the J, perturbation on a
circular reference orbit.

The most challenging problem is to consider an elliptical and
perturbed reference orbit. The most accurate way to model this
problem is, of course, with numerical models [12,13]. In this case,
solutions to the relative motion problem are obtained through
numerical integration of the dynamics equations. However,
numerical methods are not well suited for autonomous onboard
applications because they typically require a lot of computing effort.
Few publications actually provide an analytical solution to the
relative motion around elliptical reference orbits that takes into
account the J, perturbation.

Gim and Alfriend [14] solved the problem by proposing a state
transition matrix that provides a time-explicit solution for the relative
motion about a J,-perturbed elliptical orbit. This model provides an
accurate solution to the problem. However, even though the model is
fully analytical, the elements of the state transition matrices remain
quite complex, the states of the reference trajectory still need to be
numerically computed, and matrix products and inversions remain.
On the other hand, Schaub [3] studied the relative motion about
elliptical reference orbits under J, perturbation with very simple
expressions using classical orbit elements. However, this analysis is
only performed in the mean orbit element space. This model cannot
be written readily into a state transition matrix form, because the
mapping between instantaneous, or osculating, orbit elements
remains to be done.

The purpose of this paper is therefore to develop an analytical state
transition matrix that accurately models relative motion about
elliptical reference orbits under J, perturbation, while using simpler
expressions and without the need to numerically propagate the states
of the reference trajectory. It builds upon the approach of Schaub [5],
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but bridges the gap between osculating relative motion and relative
mean orbit element drift. Desired formation relative dynamics will be
described in terms of osculating, or actual, relative dynamics, which
is why it is relevant to describe the relative motion in terms of
osculating elements instead of mean elements. This simplified model
is oriented toward an onboard implementation for mission scenarios
in which computational power is limited, such as low-cost scientific
missions.

The proposed model uses a geometric approach, similar to the
work of Gim and Alfriend [14] but with certain simplifying
assumptions. The model neglects variations in the short-period
relative motion induced by the J, perturbation between the deputy
and the chief, butincludes osculating to mean orbit element mapping.

realized by differentiating the position of a spacecraft with a given set
of orbit elements in an inertial frame and then rotating this result in
the Hill frame. This mapping has been already presented by Schaub
[5,15] and is reproduced here using an alternative development, to
serve as the starting point for the extension proposed here. A similar
result, but with nonsingular elements, has also been obtained by Gim
and Alfriend [14].

Let e=[a,e,i,Q2, w,M]" be the orbit element vector of a
spacecraft, where a is the orbit semimajor axis, e is the orbit
eccentricity, 7 is the orbit inclination, €2 is the right ascension of the
ascending node, w is the argument of perigee, and M is the mean
anomaly. The Cartesian coordinates r” of the spacecraft in an Earth-
centered inertial frame Z can easily be obtained from e:

(cos 2 cos w — sin 2 sin w cos i) cos v — (cos L2 sin w + sin L cos w cos i) sin v
rf =r| (sinQcosw + cos Q sinwcos i) cos v + (— sin 2 sin w + cos 2 cos w cos i) sin v (1)
sinwsin i cos v + cos wsin i sin v

In other words, it “adds” the relative mean orbit element drift to the
natural osculating element Keplerian dynamics, neglecting the
impact of short-period variations on the relative motion. This
simplification is made at the cost of a prediction error as large as the
short-period terms variations between the deputy and the chief. For
two spacecraft orbiting very close to one another, this error will
remain small because the short-period oscillations caused by the J,
perturbation will be the same for both spacecraft. However, in all
cases, this error will remain bounded even for long-term prediction.
The main advantage of this approach is that the states of the reference
trajectory at the true anomaly in which the relative dynamics need to
be known are not required. All of the elements of the state transition
matrix are computed from the initial position of the reference
trajectory and the true anomaly for which the relative motion needs to
be predicted. Models that take into account short-period variations
[14] will need the states of the reference at the final time to do an
accurate mapping between the mean elements and the osculating
elements at this location.

The model presented here makes use of the classical orbit elements
(singular if the reference orbit is circular). The main reason is that
when the J, perturbation is modeled, the use of classical elements
radically simplifies the expressions because only three of the six orbit
elements experience secular drift. Obviously, the main drawback of
the classical elements is that the model cannot be used for circular
reference orbits. However, for missions with large-eccentricity
orbits, such as ESA’s currently planned Proba-3 mission, this model
can be used without any fear of going through a singularity.

This paper is organized as follows. Section II presents a linear
mapping between orbit elements and coordinates in the curvilinear
Hill frame. Section III presents how the relative drift between the
chief and the deputy can be modeled through the use of mean orbit
elements. Section IV shows how the flight time can be estimated for a
given true anomaly if the J, perturbation is considered. Then Sec. V
combines those three results to yield a completely linearized set of
equations describing the relative motion of spacecraft on a J,-
perturbed elliptical orbit. Section VI translates the model into a linear
time-varying state-space model convenient for the design of control
laws. Finally, Sec. VII presents simulation results and compares the
accuracy of the model with the exact nonlinear model and the
elliptical unperturbed model.

II. Linearized Mapping Between Hill Frame
Coordinates and Orbit Elements

The linear mapping between the relative orbit elements and the
coordinates in a local-vertical, local-horizontal (LVLH) Hill frame is

where v is the true anomaly and r is the orbit radius:

2
r_a(l e?) @

" 1+ecosv

Even though v is not explicitly part of e, it can be obtained iteratively
from the mean anomaly and the orbit eccentricity through the well-
known relations:

M=E—esinE 3)
v l1+e E

tani = 1—2 tal’lz (4)

The impact on the inertial position of a small difference in orbit
elements e = [8a, Se, 8i, 52, Sw, SM]" can be estimated with a first-
order approximation:

ort ort ort ort ort

Arf="_ —8Q +— -0+ ——
r 8r8r+398 +aw8w+ ai&—{—av&) 5)
using [15]
§r="s6a+ 2" spr — acosvée (6)
a
1 : i
51,:%51144_%(24-6»00“)56 @)

where 7 = v/ 1 — ¢? leads to Ar” fully expressed as a function of e
and Se. The position increment can finally be expressed in acommon
LVLH Hill frame H = {x, J, z}, where X is a unit vector pointing in
the direction of the spacecraft position r (Earth-centered position), Z
is a unit vector normal to the orbital plane pointing in the direction of
the orbit angular momentum, and y completes the right-hand frame.
To do so, the relative position of the spacecraft in the inertial frame is
multiplied by the rotation matrix Cy,;; from Z to H:

x
At =1y | = Cyr AF? (8)
z

where
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cos(v) cos(£2) — sin(v) sin(2) cos(i) cos(v) sin(2) + sin(v) cos(2) cos(i)  sin(v) sin(i)
Cyz = | —sin(v) cos(2) — cos(v) sin(2) cos(i) — sin(v) sin(£2) + cos(v) cos(£2) cos(i) cos(v) sin(i) ©)

sin(£2) sin(i)

The final result is therefore the position of a deputy spacecraft in the
Hill frame centered on a chief spacecraft as a function of the chief
orbit elements e and the orbit element difference Se between the
deputy and the chief:

aesinvy

x(v) = 28& — acos vde + M (10)

rsinv(2 4+ ecosv)

—cos(2) sin(i) cos(i)

with mean eccentricity; R, is Earth’s equatorial radius; and p = ai?
is the semilatus rectum based on mean orbit elements. A first-order
mapping between actual elements (commonly referred to as
osculating) and mean elements is provided by Schaub [15].

It is the difference in drift rates that is most relevant for formation
flying because it has a long-term impact on the spacecraft relative
motion. The impact of de on those drift-rates differences can be
approximated by differentiating the preceding equations:

= Se + rcosisQ + ré Yo : _
y(v) 7 e+ rcosi réw 56 = Q . 99 0Q 55 4+ 875351 19
(1 + ecosv)? (1D da oe o
55:8—‘1’3a'+8—“_’55+3“_’3; (20)
da de
z(v) = rsin(v + w)8i — rsinicos(v + w)§Q (12)
sit =M sa 4 Mz Mz 1)
0 de di

III. Orbit Element Drift on a J,-Perturbed
Elliptical Orbit

If both orbits are Keplerian, setting §a = 0 ensures that both

with the partial derivatives given by

spacecraft have the same orbital period. This leads to a constant and 352 E Ccosi (22)
nondrifting de. The prediction of relative motion can therefore be da  a
realized by sweeping v from 0 to 27 in Egs. (10-12) to get the relative
motion for a complete orbit. However, if perturbations are 852 245 )
encountered, de will not remain constant. The orbit element ——=—Ccosi (23)
differences will evolve with v. If only the J, perturbation is de n
considered, orbit elements will experience short-period oscillations
and secular drift. .
A common way to predict the effect of the J, perturbation on 9 =
spacecraft motion is to use mean orbit element propagation. Mean I =6Csini 24)
orbit elements are orbit elements from which short-period
oscillations have been removed. They only show secular drift,
which can be easily expressed analytically. 9% 1 _
Letée = [a, e, i, 2, @, M]” be the vector of mean orbit elements of %= 22 C(5cos?i — 1) (25)
the chief. It has been shown [16] that only 52 &, and M will have a
nonzero secular drift rate caused by J,:
- o 12e
Q=0 (13) a‘i’ = = C(5c08% — 1) (26)
e=0 (14)
90 .
. aﬁ = —15Csin(27) @7)
i=0 (15) !
s 3 (RN - M _ 30 ; _
G=-3 Jz,—l(?e) cos i (16) 57 = 5z — 3= Cl63cos2i) - 21] 28)
- 3 (R WM _9e o
=77, (?) (5cosi — 1) A7) % ?CGCOS i—1) (29)
- _ 3 0 Y B ) -
M=n+2Jn n(3cos i—1) (18) — = —97jCsin(2i) (30)
4 P di

where n and 7 are, respectively, the mean motion and n computed

where



1652 HAMEL AND DE LAFONTAINE

JLiR>2
C= sz (31)

If the impact of relative short-period oscillations is neglected, it
can be assumed that the evolution of the osculating orbit element
differences will only be caused by the relative secular drift of mean
orbit elements. Hence, the mean orbit element drift-rate difference is
a way to estimate the orbit element differences of the drifting
elements 2, w, and M:

Sa(t) = bay (32)
Se(z) = Seq 33)
8i(z) = 8i (34)
59(1) = 69 + 59t (35)
S (1) = 8wy + ST (36)
SM(7) = 8M,y + SMt 37)

where 8ay, Sey, iy, 62, dw,, and M, are the initial osculating orbit
element differences (at time #,) and 7 is the elapsed flight time since
tO.

IV. Estimation of the Flight Time

The evolution of the relative orbit elements is known as a function
of the elapsed flight time. However, the proposed model needs to use
only v as an independent variable. Therefore, the flight time t needs
to be estimated as a function of the true anomaly v.

The flight time can be estimated assuming that the evolution of
mean anomaly with time is known. In an unperturbed environment,
the mean anomaly rate is constant and equal to the mean motion 7.
However, in a J,-perturbed environment, the mean anomaly rate is
not equal to the mean motion. Neglecting the effect of short-period
and long-period oscillations (thus only assuming secular drift) leads
to Eq. (18). This assumption will leave short-period errors in the
estimation of flight time, but will not cause any long-term drifting
error for a J,-perturbed orbit.

The relationship between eccentric anomaly E and mean anomaly
M is the well-known Kepler equation:

M=E—esinE (38)

where the eccentric anomaly can be expressed as a function of v:

1 —
E= 2arctan[ T Ztan(g)] (39)

Equations (38) and (39) can be used straightforwardly to get the
estimated mean anomaly M(v) for a given true anomaly v. The
elapsed time 7 is obtained assuming a constant mean anomaly rate
since #,:

= 2771\’0rb + M(V) _MO
M

(40)

where N, is the number of orbits that the spacecraft has performed,
if the model is to be used to perform long-term prediction over
several orbits. This estimated flight time, combined with the
estimated relative drift rate of orbit elements, allows the estimation of
relative osculating elements as a function of the true anomaly.

The relevance of considering the J, perturbation in the evaluation
of flight time can easily be demonstrated. Figure 1 shows the flight

100H—M drift rate'comput od with 12'
““““ M driftrate=n

80r

60

400

20

Estimated Flight Time Error (s)

0 2 4 6 8 10
Number of Orbits

Fig. 1 Estimated flight time error.

time estimation error if ay, = R, + 1000 km, ¢, = 0.1, i, = 7/4,
and Q2, = wy = M, = 0 for a spacecraft evolving in a J,-perturbed
environment. The flight time estimation error is shown for 10 orbits.
No secular error can be observed when considering the secular drift
caused by J, on the mean anomaly rate. However if one assumes
M = n, the error reaches 100 s (nearly 1.5% of the orbital period)
after 10 orbits and keeps growing. The short-period oscillations
found in both cases are due to the neglected short-period J,
perturbations.

V. Linearized Equations of Motion

The results of the previous sections can be combined to predict
drifting spacecraft relative motion. Substituting éa, de, §i, 62, dw,
and éM for Sa(z), Se(z), di(z), 6Q(), dw(t), and SM(t) and
substituting e for e, + é_or into Eqs. (10-12) leads to a set of
equations that takes into account the differential drift caused by J,:

x(v) = M(Sao + GoCo SV (M, + SA;IT) —agcosvde, (41)
ao

o

__ r(v)sinv(2 + ¢, cos v) 5

7 ey + r(v) cosiy(6S2, + 8§r)
0

y(v)

. 2
- r(v) Sy + éir) 4 LT Cocos V) +nf° cos)
0

(8M,, + M)

(42)

z(v) = r(v) sin(v + wy + c;_)r)éio — r(v) sin iy cos(v + wy
+ D89 + 6Q7) 3)

where e, = [ag e, iy 2y wy M,]" are the osculating orbit elements

of the reference orbitand e, = [0 0 0 Q@ @ M]” are the corresponding
mean element drift rates.

Even though Eqgs. (41-43) may appear to be simplistic statements
at first, they in fact represent the crux of the advantage of the main
assumption upon which this model is built. The §2, dw,, and §M,,

terms are osculating relative orbit elements, whereas 52, 8, and SM
are mean relative orbit element drift rates. This assumes that relative
motion between osculating elements only shows secular drift and no
short-period oscillations. This will, of course, lead to an inevitable
bounded prediction error in the model, but all of the terms of
Eqgs. (41-43) can be expressed only from osculating relative orbit
elements and initial osculating orbit elements of the reference
trajectory, thus avoiding the need to numerically propagate the states
of the chief.

For this to be realized, 2, 8@, and M (currently functions of éa,
8é, and 81) need to be expressed as a linear function of the osculating
element differences. This can be done by studying the mapping
function e = £e between the mean and osculating elements. The
matrix d&/de is approximately an identity matrix with off-diagonal
terms of the order of J, or smaller [15]. Itis thus reasonable to assume
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that a small increment of an osculating orbit element will cause the
same change of the corresponding mean element. However, it has
been noted that this assumption is not valid for a, for which the off-
diagonal terms are nonnegligible. Therefore, §a has to be
approximated with a linearization of the function a = £,e. Schaub
[15] provides a first-order mapping between osculating and mean
elements that can be used to approximate §a:

-ema b5 oo -

1 3(1 — cos?i) (3) cos(2w + 2v)} (44)
r
This function can be linearized about the orbit e:
_ 0, 9, 0, &, 0,
8a_3a8a+8686+3 8+8 Sw —|—8v8v 45)

with §v given by Eq. (7). The analytical expressions of the partial
derivatives in Eq. (45) are developed in Appendix A.

The relative velocity can be obtained straightforwardly by
differentiating Eqs. (41-43) with respect to time and taking ¢ = 1.
For that purpose, only r, v, Q, w, M, and t are considered to be
functions of time:

. s apeoV cos v
x(v) =—8aO+L

(8M, + $M)
o
+ %WSM ~+ agvsin vée, (46)
o

y(v) = —2 [Fsinv(2 + egcosv) + rv(2 + ey cos v) cos v
m

— regvsin®v] + 7 cos iO(SQO + 8Q7) + rcos iysQ

+ (8w, + ST) + réw + — " [r(l + ey cos V)2 (M, + 5M1’)

— 2reyvsinv(1l + e cos v) (M, + 511.;[1.')

+ r(1 + egcos v)25M] @7)

z(v) = Fsin(v + wy + 5)1)81’0 —rcos(v+ wy + cbt)(b + 5))51'0
—rcos(v+ wy + c;')r) sin iy (692 + 8521)

+ rsin(v 4 wp + GT) () + &) sin ig (52 + 527)

— reos(v 4 @y 4 @1) sin iOSSLZ (48)
where
Hv) = doeoSiny & 49)
n
14 egcosv
H(v) = % (50)

Collecting Eqs. (41-48) and substituting 55, 8(}'), 51\.;1, Sa, 8¢, and 8i

by their equivalent function of the initial reference orbit e, and initial
offset de, leads to a very convenient way of expressing the model:

6X(v) = D(eg, v)dey (51)

where X =[xy zxyz]”. The elements of ® are given in
Appendix B. Given an initial reference orbit e, the relative dynamics
of a spacecraft with a small orbit element offset de,, can be predicted
through analytical equations for any point of the orbit v considering a
J,-perturbed orbit.

In summary, the steps required to predict the relative motion are as
follows:

1) Define the initial reference orbit state vector e, and the true
anomaly v for which the formation is needed.

2) Translate e, into the mean orbit element space [15]: e, = &e.

3) Compute the mean reference orbit element drift with Egs. (13—
18) from e,

4) Compute the mean orbit element drift-rate partial derivatives at
& [Egs. (22-30)].

5) Compute the &, partial derivatives at e, with the results of
Appendix A.

6) Estimate the flight time 7 at v from Eqgs. (38-40).

7) Compute the elements of the matrix P(ey,v) found in
Appendix B.

The relative Hill coordinates § X (v) for any initial relative position
e, can then be obtained through §X = ® (e, v)de,. Assuming P is
nonsingular, the model can also be numerically inverted to provide
the initial required orbit element differences given a desired
configuration at a specific point v of the orbit:

Seg = [ (e, v)] ' 6X (v) (52)

This result is useful in the sense that it provides the current Se,
required to reach, without any further control effort, a desired
formation X at a point v, considering all spacecraft are under the
influence of the J, perturbation. The difference between the result of
Eq. (52) and the actual orbit element differences represent the
maneuver that is to be performed to achieve the formation 6X at the
desired true anomaly but following natural motion.

The matrix ® will become singular as eccentricity e tends toward
zero, because a @ or an M offset cannot be differentiated for a
perfectly circular orbit. Furthermore, when e is close to zero, w can
move very quickly around the orbit, which means that large dw, far
beyond the validity limit of the linearized model, can be encountered.
The model also fails if i = O because €2 cannot be defined.

For circular orbits, the J, linearized model of Schweighart and
Sedwick [10,11] is better suited to predict relative motion. For the
zero-inclination case, an unperturbed model would prove to be
sufficiently accurate because equatorial orbits are weakly affected by
the J, perturbation, which can approximately be modeled by an
equivalent increased gravity in this case. This model would need to
use a different set of elements, such as the equinoctial elements,
because 2 cannot be defined for an equatorial orbit.

VI. State-Space Model

The results of Sec. V can also be expressed in a time-varying linear
state-space dynamic model of the form

d¢ = A(e,)de + B(e.)u (53)

where e, =[a, e, i. Q. w, M_]T is the orbit element vector of the
reference, or the chief (that can be any element of the formation or
simply a virtual point in space), and e is the orbit element offset with
respect to the reference. The control vector u is composed of the
radial control acceleration u,, the transverse control acceleration u,
and out-of-plane control acceleration u,,, such that

u=1|u (54)

Assuming the chief follows a J,-perturbed uncontrolled motion, the
matrix A depicts the relative drift of the orbit element caused by the
natural J, perturbation, whereas the B matrix links the deputy control
accelerations to its relative orbit element dynamics.

Because only €2, w, and M will experience relative drift, the matrix
A is filled by expanding Eqgs. (19-21):
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0 0
0 0
0 ‘ .0
_ | Q0% 900, 4 2Q 4 8Q ¥, sinv,
A= da da da de de + da v n?
da da da de de da v 2
OM 5, DM 0%, 4 OM 4 OM D&, sinv
L da da  da de de da v 2

The B matrix is made of the terms of the well-known Gauss
variational equations (GVEs) [15]. The GVEs relate the impact of a
perturbation or control acceleration on each of the orbit elements.
Thus, the elements of the B matrix are

2a2e, sinv, 2alp, ]
c Te 0
Pesinv, (petre)cosr.+ree, 0
) " (ve+o0)
r.cos(v.+w,
B = 0 0 h,
0 0 resin(ve4w.)
h,sini,
_ Pccosve (petre)sinv, _ resin(veto) cosic
cCc hee, h,sini,
b.p.cosv=2r.e. :
_W _([7(- + rc) sin v, 0

(56)

where p. = a.(1 — €2) is the semilatus rectum of the chief’s orbit,
h, = /pp. is the reference orbit’s angular momentum (with ©
being Earth’s gravitational parameter), and b, = a./1 — e? is the
reference orbit’s semiminor axis. This linear time-varying, or more
accurately “chief orbit element-varying,” state-space form will
accurately model the secular relative drift caused by J, on an
eccentric orbit, but fails to model the relative short-period
oscillations between the chief and the deputy caused by the J,
perturbation. Nevertheless, this linear model could prove to be useful
in the design of control systems that make use of linear time-varying
state-space models, such as model-predictive controllers or gain-
scheduling controllers.

VII. Simulation Results

The accuracy of the closed-form solution [Eqs. (41-43) and (46—
48)] was evaluated with respect to the “true” relative dynamics,
based on numerical integration of J,-perturbed dynamics. This
accuracy is also compared with the accuracy of the elliptical
linearized equations of unperturbed elliptical motion [8], referred to
as the unperturbed elliptical motion model. The chief orbit elements

Table 1 Chief initial orbit elements

€o
ag 1.1R,
ey 0.05
io /4
Q 0.1
W, 0.1
M, 0.1

Table 2 Deputy initial orbit element

offset
e,
Say 0
e +0.0001
iy +0.0001
882 —0.0001
S, —0.0001
M, +0.0001

0 0 0 0 T

0 0 0 0

0 0o 0 0 ,
0Q 9, y 0Q 09 &, 0 0§, (I+eccosvy)

ot 0 s e (55)

30 64 | i 0 OM 9, IM 9, (1+e. cosv,)?
da 0i 9 da do da v n;
M, | M 0 oM 3,  IM 9, (1+e. cosv.)?
oa i T i 9 dw  0a v @

e, were set to a slightly elliptical 45-deg inclined low-Earth orbit, as
described in Table 1. The deputy was given a small orbit element
offset de,, as shown in Table 2. Only da, was set to zero. The reason
is that in an unperturbed environment, this condition is sufficient to
ensure nondrifting relative motion. However, in a J,-perturbed
environment, the nondrifting conditions are slightly different [17].
Therefore, those conditions lead to a secular relative drift that a set of
equations that does not include the J, perturbation will not be able to
model. The resulting relative position in a J,-perturbed environment,
obtained with numerical integration, is presented in Fig. 2, and Fig. 3
shows the resulting relative velocity.

Figure 4 shows the relative position error between the predicted
and the true curvilinear Hill frame coordinates for both models
(perturbed and unperturbed) for 10 orbital periods. As expected, the
unperturbed elliptical motion model cannot predict the relative drift
caused by the J, perturbation and shows a growing relative error in x,
v, and z. On the other hand, the model developed here, which
includes the J, perturbation through relative mean orbit element
differences, does not show any secularly growing error and
accurately models the long-term effect of J,. The short-period
variations of the position errors are mainly due to the neglected
relative short-period motion between the chief and the deputy. This
error is bounded within 1.5% of the maximum relative position at any
point in time on all three axes. Therefore, only other perturbations,
such as other gravitational harmonics, solar radiation pressure, or
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Fig. 2 In-plane (top) and out-of-plane (bottom) deputy relative motion
in Hill frame for 10 orbits in a J,-perturbed environment.



HAMEL AND DE LAFONTAINE 1655

Velocity (m/s)

4 6
Number of Orbits

Fig. 3 Relative velocity in Hill frame for 10 orbits in a J,-perturbed
environment.

atmospheric drag would affect the long-term accuracy of the model.
With the linearized elliptical model, the error grows by
approximately 1% per orbit, reaching nearly 13% after 10 orbits on
the x, y, and z axes. The same conclusions can be drawn for velocity
(Figs. 3 and 5). Only short-period perturbations affect the X, y, and z
errors.

VIII. Conclusions

A linearized analytical set of equations that provides the position
and velocity of a deputy orbiting close to a chief on a J,-perturbed
elliptical orbit was developed. This model provides a simpler state
transition matrix for relative motion by assuming that relative motion
in osculating coordinates is only caused by relative mean orbit
element drift. The model uses the linearized drift-rate difference of
the mean orbit element difference to predict the relative secular drift
caused by J,. It was proven to accurately model the secular drift
caused by J,, leaving only errors caused by short-period relative
motion between the chief and the deputy. It was shown that even
though simplifications were made, only a bounded prediction error
remains, even for long-term prediction. This error is bounded by the
size of the relative motion induced by short-period J, perturbation
terms.

The model provides the position and velocity of a deputy orbiting
near a chief spacecraft for any point of the orbit, only from the relative
orbit element vector and the initial state vector of the chief. The
model avoids the need to numerically propagate the states of the chief
forward in time. The model can be numerically inverted to yield the
current required orbit element differences to reach a desired
formation (described as position and velocity in Hill coordinates) at a
specific true anomaly. The consideration of the J, perturbation in the
model allows the use of the model several orbits in advance, because
virtually no secular drift error caused by J, remains. Only errors
caused by other perturbations, such as other gravitational field
harmonics (J3, Jy, etc.), solar radiation pressure, or differential drag
will affect the long-term modeling accuracy of the model. A linear
time-varying state-space expression of the model was also presented.

This model would be particularly well suited for onboard guidance
and control applications, because the analytical equations require no
numerical iteration to predict the relative motion once the initial
mean and osculating orbit elements of the chief are known. The
naturally induced secular relative motion by the J, perturbation is
included in the model and can therefore be used to perform
maneuvers. Furthermore, once the analytically defined ® matrix is
known, the relative motion of any spacecraft of the formation can be
obtained with only one matrix multiplication, ®de. The same matrix
® can be used for all of the spacecraft of the formation, assuming the
relative orbit elements are sufficiently small. The only information
required is the relative orbit elements of the spacecraft in the
formation. This approach would prove to be increasingly efficient as
the number of spacecraft of the formation becomes large.
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Fig. 4 Position modeling error for the linearized elliptical motion
model and the linearized elliptical motion considering the J,
perturbation in a J,-perturbed environment.

To simplify the terms of the state transition matrix, classical orbit
elements are used. Thus, the model can only be applied to noncircular
and inclined orbits. For circular or equatorial orbits, some of the
classical orbit elements used in this model are not defined. For both
cases, previously existing models can be used or an extension to
nonsingular orbit elements could also be implemented.

Appendix A: Linearization of the Osculating to Mean
Orbit Element Mapping Function

The function [15]

&, =a— ayz{(3c052i— l)[(%)3 —%]

+ 3(1 — cos?i) (%)3 cos(Qw + 2v)} (A1)

a

where
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Fig. 5 Velocity modeling error for the linearized elliptical motion
model and the linearized elliptical motion considering the J,
perturbation in a J,-perturbed environment.

J5 (R?
=== (—) (A2)
a

can be linearized about e to provide an approximation of the mean
semimajor axis increment from the osculating orbit element
difference Je:

da = ag“ 8 + == 35“ ag“ =480 o 0, Sw

2
85,, ((1 + ecos v) sinv ) (A3)

+3 M e

where v, is the initial true anomaly of the chief. The partial
derivatives are

3
%g“ =1- yz{(3cos i— 1)[(a) —%]

3
+ 3(1 — cos?i) (g) cos(Qw + 2\1)} ~ 1 (A4)

& (1 + ecosv)?cosv

24— — ini)? -

% ayz{[Z 3(sini) ](3 7
3

6(1 + ecosv)’e 3 e)

oy
sin?i(1 + e cos v)? cos(2w + 2v) cos v
o
sini(1 + e cosv)? cos(Qw + 2v)e}
8
n

+9

+ 18

(A5)

i = —3ay, sin(2i) {( )3[1 —cosQw + 2v)] — %} (A6)

3

3& = —6ay,(1 — cos?i) (ﬂ) sin(Qw + 2v) (A7)
r

88% = a)’z@[( 9cos?i 4 3)esinv

— (9 — 9cos?i) cos(2w + 2v)e sinv
— (6 — 6¢0s%i)(1 + e cos v) sin(2w + 2v)] (A8)

Appendix B: & Matrix
This Appendix presents the elements of a matrix ® defined as

day
Sey
8
3R,
dwy
M,

= ®(eg, V)

N R N =

where e, is the initial orbit element vector of the chief and v is the true
anomaly for which the formation is needed. The elements of ® are
obtained by collecting Eqs. (41-43) and (46-48) and by using the
definition of mean orbit element drift of Eqs. (16-18), the partial
derivatives of Egs. (22-30) and of Appendix A, and the estimated
flight time 7 of Eq. (40).

The elements of ® for the computation of x are

__apegVcos v
y Mo
F ageo sin v\ OM
CD” =—+ (K,-CT-FL)—_
ap No 3a
o, = (k7 + apep sin v 8&5[%
Mo da de
M D
+ 6a Sin vo (2 + ey cos eg)
da dv
agey sinv\ (dM o€,
D= s 405027
N (w+ Mo )(3a di = 81
@, =0
o = (ko + ageqy sinv BM aga
Mo 9a dw

B0 = + (e -+ D) OM 98, (1 -+ ¢ o5 v0)?

Mo da dv m
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The elements of ® for the computation of y are

(1 4+ egcosv)®  2e40(1 + ey cos v) sinv
V= 3 - 3
Mo Mo

IQ
®,, = (Fcosiyt + rcos lo) —|— (rt+ r)—

r(1 + ey cos v)z] aﬂ

2

1. ..
D,, = —z[rv cos V(2 + e cos v) — reyvsin“v
n

0
+ Fsinv(2 + ey cos v)] + (7 cos iyt + rcos iy)

87§_28§,, B.Q d&, sin vO (2 + g cos eg) + 89
da de = da dv m

A B‘g‘a E) Béa sin vO
da de ' da v s

r(1 + ey cos v)? 8_M%
m da de

+(rt+r)|: (2+€0C0520)+8_]

+ |:Ky"[ +

8M d&, sin vo
da v

(2 + epcosey) + 8M]

da di 0i

+ (Fr + )( wa§“+a)

r(1 + e cos v)2:| (a_M %, az\?)

m

D,y = (7 cos iyt + rcosiy) (BQ 9, + —)

+ [’C«*” 0 i o

®,, = rcosiy

A 9E,,
9a 0w

Q 0¢,
a dw

r(1 + e cos v)? B_M%
m da dw

<I>25—r+(r005101:+rcoszo) + (Ft+r)=—

+ |:K5,T +

0&, (1 2
@y = k5 + (FcosigT + rcos,o)_éw

da v m
+renle dw 098, (1 + ¢y cos vy)*
da v m
. |:K‘-,‘[ N r(1+ eo3cos v)2i| @E(l + e c}:os vg)?
’ Mo da dv n

The elements of @ for the computation of Z are

k: = —rcos(v+ wy + Lf)r) sin i,

+ rsin(v 4 wy + @7)(V + @) sin i,

. 02
D3 =[k:T — reos(v + wy + wt) sin iO]F
a

8 E{l
de

D3y = [k:T— reos(v + wy + @7) sin 10]|:8

89 d&, sin vo
9a ov

9%
—— (2 + eycosey) + i|

@y = Fsin(v 4+ wy + o1) + reos(v + wy + @70 + @)
S0
+ [k:T — reos(v + wy + 1) sin lo]F
D3y = k;

Q2
®y5 = [i:T — rcos(v 4 wy + &T) sin ig] —— %G (,f“

9% 0, (1 + e cos ey)?
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D3 = [k:T — rcos(v + @y + OT) sinip] =

The elements of ® for the computation of x are

r  age sinvaﬂ._l
Q)M =7+L
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apeq sin v oM Béa
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The elements of ® for the computation of y are

06 1 290M
) +r( + ey cos vy) M

aQ
ds = rcoszoa—r—l- Ba | 9
0

Q9
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Q ¢, N 3 OE,

. d
G55 =1+ rcosxoﬁawr rﬁaw

N r(1 + e cos vo)Z@BEa
n da dw
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T
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The elements of & for the computation of z are

g = —rcos(v + wy + @) sin ioﬁf
: 8529

Dy, = —rcos(v + wy + @) sin iy —_&

da de

n @Béa sin v,
da v n

Q
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